A phenomenological scattering-rate model introduced for terahertz quantum cascade lasers (QCLs) [Schrottke et al., Semicond. Sci. Technol. 25, 045025 (2010)] is extended to mid-infrared (MIR) QCLs by including the energy dependence of the intersubband scattering rates for energies higher than the longitudinal optical phonon energy. This energy dependence is obtained from a phenomenological fit of the intersubband scattering rates based on published lifetimes of a number of MIR QCLs. In our approach, the total intersubband scattering rate is written as the product of the exchange integral for the squared moduli of the envelope functions and a phenomenological factor that depends only on the transition energy. Using the model to calculate scattering rates and imposing periodical boundary conditions on the current density, we find a good agreement with low-temperature data for current-voltage, power-current, and energy-photon flux characteristics for a QCL emitting at 5.2 lm. V C 2016 AIP Publishing LLC.
Phenomenological scattering-rate model for the simulation of the current density and emission power in mid-infrared quantum cascade lasers
I. INTRODUCTION
Since their invention in 1994, 1 quantum cascade lasers (QCLs) have become the standard semiconductor laser source for the mid-and far-infrared spectral range. These unipolar devices are based on the population inversion between quantized subbands in biased semiconductor heterostructures. After undergoing an intersubband transition, the electron remains within the conduction band and thus can be injected into the next intersubband emission stage. The emission stages are cascaded one after another, thus allowing many photons to be emitted by a single electron. QCLs achieving large peak powers (6-14 W), power efficiencies (15%-35%), and transition efficiencies (up to 90%) have been reported for the mid-infrared (MIR) spectral region for temperatures between 80 and 300 K. [2] [3] [4] [5] These high powers and high efficiencies, together with the possibility of singlemode emission 6 and wavefront engineering, 7 make QCLs to be very attractive for several applications including gas sensing, optical spectroscopy, and infrared countermeasures. 8, 9 A useful theoretical model is essential for the optimization and further development of new QCL sources. Such a model is expected to significantly reduce the experimental effort of QCL optimization for a given wavelength. It requires the calculation of the subband structure including its bias dependence and the location of charge as well as the nonparabolicity of the band structure, scattering effects, and the optical mode confinement. Ab initio models are characterized by their intricacy and the relatively complex formulation of the different scattering mechanisms. [10] [11] [12] Calculations made by ab initio models lead to good agreement between theory and experiment, yet at high computational costs.
In this work, we propose a bottom-up approach, which consists of using experimental results and describing them with a phenomenological model. Such a scattering-rate model has been recently developed for terahertz (THz) QCLs. 13 In this approach, several non-radiative scattering mechanisms including scattering via optical and acoustic phonons, electron-electron interaction, and scattering at ionized impurities are written in terms of the squared modulus of the dipole matrix element jZ ij j 2 , which is calculated for intersubband radiative transitions, and a function f(E ij ) that only depends on the transition energy E ij . The total scattering rate between subbands i and j is given by f ðE ij ÞjZ ij j 2 . Such a description has the advantage of including several scattering mechanisms in a compact form, allowing a straightforward modeling of charge carrier transport. Furthermore, the strategy uses measured data, ensuring accuracy at least within some range of application. The approach was demonstrated using a number of THz QCL designs that were modeled; very good agreement with experimental results in terms of current-voltage characteristics and gain spectra were reported. 13, 14 In case of THz QCLs, the role of scattering of electrons with longitudinal optical (LO) phonons is reduced due to the much larger LO phonon energy (E LO ) relative to the radiative transition energy. Therefore, the energy dependent factor f(E ij ) is taken to be constant for the range of energies of the order of E LO and above, which is a reasonable assumption for THz QCLs.
Furthermore, the assumption of a constant f(E ij ) for E ij > E LO cannot be applied to MIR QCLs, where intersubband spacing energies are significantly larger than E LO . Therefore, and in contrast to THz QCLs, electron-phononinteraction plays now a crucial role in electron transport. [15] [16] [17] As we show in this work, a more accurate way to describe the total non-radiative scattering rate is to write it in terms of the exchange integral of the envelope functions moduli squared, instead of the dipol matrix element. The resulting proportionality factor between the exchange integral and the total non-radiative scattering rate (denoted by q(E ij )) is obtained from a phenomenological fit of MIR QCLs lifetimes reported in the literature. This phenomenological fit consists of two parts. The low-energy (E ij < E LO ) part has the functional form described in Ref. 13 and parametrizes the contributions arising from several non-radiative scattering mechanisms including electron-electron and interface-roughness scattering. The high-energy (E ij > E LO ) tail of the function q(E ij ) has a characteristic decay behavior with increasing intersubband spacing energy, which-as we describe in detail in Section II-is closely related to a reduced electron-phonon scattering rate.
Integrating both parts and fitting lifetimes data for MIR QCLs, the resulting function q(E ij ) becomes suitable for the simulation of MIR QCLs. Once the exchange terms for all transitions have been calculated, the simulation becomes significantly less onerous than including scattering mechanisms separately. We further apply our approach and simulate the performance of an MIR QCL emitting at 5.2 lm at a temperature of 80 K. First results show a satisfactory agreement between the calculated and experimental characteristics.
II. SCATTERING MODEL
QCLs are n type semiconductor devices which are typically based on the direct band gap semiconductors. The electron transitions between the states in QCLs are caused mainly by elastic (alloy, interface roughness (IFR), and impurity), inelastic (acoustic and LO phonons), and electronelectron scattering. 18 Electron-electron scattering plays an important role only in the thermalization of the electron distribution within one period of the MIR QCLs. 19 The transverse optical phonon scattering is negligible at the C-point of the conduction band due to its spherical symmetry. 20, 21 Alloy 22 and acoustic phonon scattering 23 can be approximated by a linear dependence on the wave function overlap f
for the ith and jth bound states. However, these scattering effects typically play a secondary role in QCLs. At low temperatures, the electron transport is driven by phonon emission and temperature-independent processes as IFR scattering and impurity scattering. The role of IFR in low temperature luminescence has been analyzed in Refs. 11, 24, and 25.
As next we focus on the electron transport through LO-phonon emission, as this mechanism plays a protagonic role in low-temperature intersubband scattering for large (E ij > E LO ) intersubband energy spacings. According to Ref. 26 , the correspondent scattering rate R LO ij can be calculated by
where f i denotes the Fermi-Dirac distribution of the ith subband. ðs LO ij ðkÞÞ À1 is the LO-phonon scattering rate of electrons from a state with momentum k in the initial ith subband to a state in the jth subband. This scattering rate is given by
Here, k denotes the in-plane electron wavevector and K z the phonon wavevector perpendicular to the layer. Y 00 describes the temperature dependence and H denotes the step function.
where the minus sign refers to the LO phonon emission and the plus sign to the LO phonon absorption. At low temperatures, we neglect the LO phonon absorption, because the thermal population of the phonon modes is negligible. The modulus squared of the form factor
restricts the probability of scattering in k space.
In general, the LO phonon scattering according to Eq. (3) cannot be completely described by a linear dependence on the wave function overlap f ij . Nevertheless, such a linear dependence appears to be an appropriate approximation for many QCL structures. For a typical MIR QCL design, 27, 28 , the form factor approaches zero. In Fig. 1(b) , the expression
is shown as a function of the upper limit K lim . For K z > 10 9 m
À1
, I(K lim ) saturates, implying that the main part of integral Ð 1 0 dK z FðK z ; 0Þ in Eq. (4) results from the integration over region (0, K lim ). However, if D ij ) 0, the expression 1= ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi
is practically constant for these K z values. In this case, it can be taken out of the integral in Eq. (3). We then obtain 1 s
While the integrand jG ij ðK z Þj 2 tends to zero beyond K lim , the upper limit of the integral can be extended to 1. In this case,
For energies higher than E LO , the value of 
If
Although the above derivation strictly holds only for D ij ) 0, we approximate the LO phonon scattering by a linear dependence on the wave function overlap for the entire range of E ij values. Because in the MIR region the scattering rate ðs LO ij ðkÞÞ À1 is practically independent of k, Eq. (2) becomes
where
lim Þ, and
Using Eq. (2), we calculate the function q LO ðE ij Þ ¼ R LO ij = f ij for 1 THz and two MIR QCL designs. Results are presented in Fig. 2 . The dependence of q LO on E ij can be separated into two parts: one for energies below and one for energies above the LO phonon energy. The energy dependence of q LO for E < E LO can be described by a Fermi-Dirac distribution for E ij -E LO , whereas for E > E LO it can be approximated by q LO (E ij ) defined in Eq. (10) .
In order to get the total non-radiative scattering rate, we integrate this function with the phenomenological formula given in Ref. 13 . We do this by writing a single equation
which consists of two parts: The low-energy (E ij < E LO ) part-described in detail in Appendix-has the functional of Ref. 13 and parametrizes contributions arising from several non-radiative scattering mechanisms including electronelectron and interface-roughness scattering. The high-energy (E ij > E LO ) part has the decay behavior with increasing intersubband energy spacing described by Eqs. (9) and (10) . Note that electron-LO-phonon emission describes the shape of the function R ij for E ij > E LO , yet it does not give the absolute values. In order to get the absolute non-radiative scattering rate values, we need to fit Eq. (11) to real QCL data using the fit parameter a. Doing this, we incorporate several non-radiative scattering mechanisms-among others interface roughness scattering-in our model, which were left out in our analysis of the scattering rate for E ij > E LO . Finally, note that in contrast to Ref. 13 , where the focus was on transitions with energies below or near the LO phonon energy, the wave function depending contribution is now the overlap f ij rather than the dipole matrix element.
Using literature data for R ij corresponding to different intersubband transitions in QCLs and calculating the corresponding exchange integrals f ij , the prefactors of f ij in Eq. (11) are reconstructed. The respective results are shown in Fig. 3 equations for 3N wave functions in three periods with N states in each period. This system has the form
ij denotes the full scattering rate from the ith to the jth level, which includes non-radiative transitions R ij [Eq. (11) ] and radiative transitions R ph ij .
14,18 n i denotes the electron sheet density in level i. Levels j, j -N, and j þ N are adjacent wave functions in the first, second, and third cascades, respectively. In Eq. (12), the first term of the sum collects scattering contributions populating the level i from the other 3N -1 levels and the second term represents the contributions depopulating this level to the other 3N -1 levels.
The current density is determined by
with / ij ¼ 1; À1, or 0 for the transitions of electrons from left to right, from right to left, or far away from any virtual interface, respectively. The proposed model is applied to the case of low temperature (<100 K) and low electron concentration (<10 18 cm À3 ) QCL. In this case, the leakage of carriers into continuum states can be neglected. 17 
III. SIMULATION RESULTS FOR AN MIR QCL
Let us apply the developed model to a broadband QCL at a low temperature (80 K). The QCL design is based on the In 0.52 Al 0.48 As-In 0.53 Ga 0.47 As heterosystem with AlAs barriers in the active region to minimize the carrier leakage. The QCL band structure is shown for two different field strengths in Figs. 4(a) and 4(c) . As a result of the self-consistent calculations using Eq. (12), we obtain the electron sheet densities n i for the different electron subbands i as shown in Figs. 4(b) and 4(d) .
For a comparison of the results of the simulations with experimental data, we have grown a 40-staged structure by gas-source molecular beam epitaxy, which has been processed into 25 lm-wide ridges using conventional optical lithography and wet chemical etching. A 0.5 lm-thick SiO 2 layer was deposited by reactive magnetron sputtering for electrical insulation of the sidewalls. Cr/Au contacts were evaporated for the top metallization. Laser chips with uncoated facets of several resonator lengths L were mounted epilayer upon Cu holders. Figure 5 shows (asterisks) the typical optical powercurrent density J-P and electric field-current density J-V curves measured for a 25 lm-wide and 4.0 mm long device mounted in a liquid nitrogen cryostat and driven by 500 ns pulses with a duty cycle of 0.5% at heat sink temperature of 80 K. Dots represent J-P and J-V calculation results using Ref. 14 and Eq. (13), respectively. For the calculations, we 
c b ¼ hðR i þ R j Þ þ 2c 0 describes here the total transition broadening and R i (R j ) is the reciprocal lifetime for level i (j). The correction factor c 0 can be found from electro luminescence data 24, 35 or, as in this work, used as a fitting parameter in order to integrate scattering processes that are not included in Eq. (11) into calculations.
Calculated J-V characteristics are in good agreement with the measured data. The observed weak "kink" around 4 kA cm À2 is related to the particular wave function alignment around 115 kV cm À2 (just before roll-over), which results in a resonance between levels u and u 0 . Due to a numerical effect, the calculated optical power-current density characteristic becomes noisy after the laser rollover (maximum of emitted power) and is omitted in Fig. 5 . It is important to point out that using a rate equation approach might lead to non-physical effects as resonances in the J-V line (see, for example, Ref. 13). Despite the danger of such spurious features showing up, we do not observe such effects in the investigated voltage range (50-150 kV/cm).
Measured laser spectra and calculated photon flux spectra for different voltage (current density) values are presented in Fig. 6 . Both the calculated and measured spectra show the same spectral position and the same broadening trend toward higher energies. The observed broadening is related to the increased population of upper laser levels with increased current. The observed blue-shift in the photon energy is related to the intersubband spacing increase between the upper laser states and the lower laser state characteristic for diagonaltransition QCLs. 9 
IV. CONCLUSIONS
A phenomenological model accounting for different scattering mechanisms has been developed for the simulations of both MIR and THz QCLs. The model uses scattering rates in the form of the product of an energy-dependent factor and the wave function overlap, which subsumes several non-radiative scattering processes in QCLs. The approach developed in this work was applied to a broad-band MIR QCL operated in pulsed mode with a low duty cycle and a heat sink temperature of 80 K. First results show a satisfactory agreement between the calculated and measured laser characteristics.
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APPENDIX: SCATTERING RATE PARAMETRIZATION
The energy-dependent factor q(E ij ), which subsumes all non-radiative scattering processes in QCLs, is described by the empirical expression in Ref. 
and
The parameters E a ¼ 10.0 meV, r ¼ 5.0 meV, C ¼ 5.0 meV, and E 0 ¼ 10.0 meV describe thermal activation, interface roughness, broadening, and strength of the LO phonon resonance, respectively. Furthermore, r s ¼ 2.0 meV and k LO ¼ 25.0 denote the width and magnitude of the step-like increase of q(E ij ) at the LO phonon resonance, respectively. U(x) denotes the error function. The parameters a ¼ 10, b ¼ 2 meV
À1
, and c ¼ 0.1 with a correction factor of 2000 c À1 lead to the scattering rates similar to the ones in (In,Ga)As/(In,Al)As QCLs. The scaling factor q 0 (E ij ) in the approximation of Ref. 13 is constant and equals to q 0 (E LO ) for the region of energies higher than E LO. In our consideration, this factor q 0 (E ij ) is energy dependent and takes the form of Eq. (11) .
